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WEAK SOLUTION OF PARABOLIC COMPLEX MONGE-AMPE`RE
EQUATION
DO HOANG SON
Abstract. We study the equation u˙ = log det(uαβ¯)−Au+f(z, t) in domains of C
n.
This equation has a close connection with the Ka¨hler-Ricci flow. In this paper, we
consider the case where the boundary condition is smooth and the initial condition
is irregular.
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2 DO HOANG SON
1. Introduction
Let Ω be a bounded smooth strictly pseudoconvex domain of Cn, i.e., there exists a
smooth strictly plurisubharmonic function ρ defined on a bounded neighbourhood of
Ω¯ such that
Ω = {ρ < 0}.
Let A ≥ 0, T > 0. We consider the equation
(1)


u˙ = log det(uαβ¯)− Au+ f(z, t) on Ω× (0, T ),
u = ϕ on ∂Ω× [0, T ),
u = u0 on Ω¯× {0},
where u˙ = ∂u
∂t
, uαβ¯ =
∂2u
∂zα∂z¯β
, u0 is a plurisubharmonic function in a neighbourhood of
Ω¯ and ϕ, f are smooth in Ω¯× [0, T ].
If u0 is a smooth strictly plurisubharmonic function on Ω¯ and satisfies the compati-
bility condition on ∂Ω × {0}
ϕ˙ = log det(u0)αβ¯ − Au0 + f(z, 0),
then (1) admits a unique smooth solution [HL10]. After studying the case where u0 is
continuous or just bounded [Do15], we want to understand the situation when u0 is a
more general plurisubharmonic functions, first with zero Lelong numbers, then in some
special cases where positive Lelong numbers are involved.
On compact Ka¨hler manifolds, the corresponding problem was considered and solved
[GZ13, DL14]. By using approximations and a priori estimates, it was shown that the
Parabolic complex Monge-Ampe`re equation admits a unique solution in a sense close
to classical solution. We expect that a similar situation obtains on the domain Ω.
In order to study the situation with irregular initial data, we give a notion of “weak
solution” for (1), consider the existence of weak solutions, and “describe” weak solutions
in some particular cases.
The function u ∈ USC(Ω¯× [0, T )) (upper semicontinuous function) is called a weak
solution of (1) if there exist um ∈ C
∞(Ω¯× [0, T )) satisfying
(2)


um(., t) ∈ SPSH(Ω),
u˙m = log det(um)αβ¯ −Aum + f(z, t) on Ω× (0, T ),
um ց ϕ on ∂Ω× [0, T ),
um ց u0 on Ω¯× {0},
u = lim
m→∞
um.
where SPSH(Ω) = {strictly plurisubharmonic functions on Ω}.
For the convenience, we also denote by kA the functions
(3)
{
kA(x, t) = x− 2nt if A = 0,
kA(x, t) = −
2n
A
+
(
2n
A
+ x
)
e−At if A > 0,
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where x > 0 and 0 < t < T , and by ǫA the value of t such that kA(x, t) = 0:
(4)
{
ǫA(x) =
x
2n
if A = 0,
ǫA(x) =
1
A
(log(Ax+ 2n)− log(2n)) if A > 0.
Our main results are the following:
Theorem 1.1. Let A ≥ 0, T > 0 and Ω be a bounded smooth strictly pseudoconvex
domain of Cn. Let ϕ, f be smooth functions in Ω¯× [0, T ] and u0 be a plurisubharmonic
function in a neighbourhood of Ω¯ such that u0(z) = ϕ(z, 0) for any z ∈ ∂Ω. Then (1)
has a unique weak solution.
Theorem 1.2. Suppose that the conditions of Theorem 1.1 are satisfied. Suppose also
that u0 has zero Lelong numbers, i.e.,
νu0(a) = lim
r→0
sup|z−a|<r u0(z)
log r
= 0,
for any z ∈ Ω. Then the weak solution u satisfies
(a) u ∈ C∞(Ω¯× (0, T )).
(b) u˙ = log det uαβ¯ − Au+ f(z, t) in Ω¯× (0, T ).
(c) u(., t)
L1
−→ u0 as tց 0; u|∂Ω×[0,T ) = ϕ|∂Ω×[0,T ).
Theorem 1.3. Suppose that the conditions of Theorem 1.1 are satisfied. If there is a ∈
Ω such that the Lelong number of u0 at a is positive then there is no u ∈ C
∞(Ω¯×(0, T ))
satisfying
(5)


u(., t) ∈ SPSH(Ω¯), ∀t ∈ (0, T ),
u˙ = log det(uαβ¯)−Au+ f(z, t) on Ω¯× (0, T ),
u = ϕ on ∂Ω× [0, T ),
u(., t)
L1
−→ u0.
Theorem 1.4. Suppose that the conditions of Theorem 1.1 are satisfied. Suppose also
that
l∑
j=1
nj log |z − aj |+ C0 ≥ u0 ≥
l∑
j=1
Nj log |z − aj | − C0,
where l ∈ N, aj ∈ Ω, Nj ≥ nj > 0. Then the weak solution u satisfies
(a) u ∈ C∞(Q), where Q = (Ω¯× (0, T )) \ (∪({aj} × (0, ǫA(nj)]).
(b) u = −∞ on ∪({aj} × [0,min{T, ǫA(Nj)})).
Moreover, if nj = Nj then
νu(.,t)(aj) = k(Nj , t),
for any 0 < t < min{T, ǫA(Nj)}.
(c) u˙ = log det uαβ¯ − Au+ f(z, t) in Q.
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(d) u(., t)
L1
−→ u0 when tց 0; u|∂Ω×[0,T ) = ϕ|∂Ω×[0,T ).
Moreover, u(., t) → u0 “uniformly in capacity”, i.e., if ǫ > 0 and Ω¯ ⋐ Ω˜ then
there exists an open set Uǫ such that
CapΩ˜(Ω¯ \ Uǫ) ≤ ǫ,
u(., t)⇒ u0 on Ω¯ ∩ Uǫ as tց 0.
2. Preliminaries
2.1. Hou-Li theorem.
The Hou-Li theorem states that equation (1) has a unique solution when the
conditions are good enough. We state the precise problem to be studied:
(6)


u˙ = log det(uαβ¯) + f(t, z, u) on Ω× (0, T ),
u = ϕ on ∂Ω × [0, T ),
u = u0 on Ω¯× {0}.
We first need the notion of a subsolution to (6).
Definition 2.1. A function u ∈ C∞(Ω¯× [0, T )) is called a subsolution of the equation
(6) if and only if
(7)


u(., t)is a strictly plurisubharmonic function,
u˙ ≤ log det(u)αβ¯ + f(t, z, u),
u|∂Ω×(0,T ) = ϕ|∂Ω×(0,T ),
u(., 0) ≤ u0.
Theorem 2.2. Let Ω ⊂ Cn be a bounded domain with smooth boundary. Let T ∈
(0,∞]. Assume that
• ϕ is a smooth function in Ω¯× [0, T ).
• f is a smooth function in [0, T )× Ω¯×R non increasing in the lastest variable.
• u0 is a smooth strictly plurisubharmonic funtion in a neighborhood of Ω.
• u0(z) = ϕ(z, 0), ∀z ∈ ∂Ω.
• The compatibility condition is satisfied, i.e.
ϕ˙ = log det(u0)αβ¯ + f(t, z, u0), ∀(z, t) ∈ ∂Ω× {0}.
• There exists a subsolution to the equation (6).
Then there exists a unique solution u ∈ C∞(Ω×(0, T ))∩C2;1(Ω¯×[0, T )) of the equation
(6).
Remark 2.3. (i) There is a corresponding result in the case of a compact Ka¨hler
manifold [Cao85]. On the compact Ka¨hler manifold X, we must assume that
0 < T < Tmax, where Tmax depends on X. In the case of domain Ω ⊂ C
n, we
can assume that T = +∞ if ϕ, u are defined on Ω¯ × [0,+∞) and f is defined
on [0,+∞)× Ω¯× R.
(ii) If Ω is a bounded smooth strictly pseudoconvex domain of Cn then one can
prove that a subsolution always exists on Ω¯ × [0, T ′), for any 0 < T ′ < T ,
and so Theorem 2.2 does not need the additional assumption of existence of a
subsolution.
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2.2. Maximum principle.
The following maximum principle is a basic tool to establish upper and lower bounds
in the sequel (see [BG13] and [IS13] for the proof).
Theorem 2.4. Let Ω be a bounded domain of Cn and T > 0. Let {ωt}0<t<T be a
continuous family of continuous positive definite Hermitian forms on Ω. Denote by ∆t
the Laplacian with respect to ωt:
∆tf =
nωn−1t ∧ dd
cf
ωnt
, ∀f ∈ C∞(Ω).
Suppose that H ∈ C∞(Ω× (0, T )) ∩ C(Ω¯× [0, T )) and satisfies
( ∂
∂t
−∆t)H ≤ 0 or H˙t ≤ log
(ωt + dd
cHt)
n
ωnt
.
Then sup
Ω¯×[0,T )
H = sup
∂P (Ω×[0,T ))
H. Here we denote ∂P (Ω × (0, T )) = (∂Ω× (0, T )) ∪(
Ω¯× {0}
)
.
Corollary 2.5. (Comparison principle) Let Ω be a bounded domain of Cn and A ≥
0, T > 0. Let u, v ∈ C∞(Ω× (0, T )) ∩ C(Ω¯× [0, T )) satisfy:
• u(., t) and v(., t) are strictly plurisubharmonic functions for any t ∈ [0, T ),
• u˙ ≤ log det(uαβ¯)− Au+ f(z, t),
• v˙ ≥ log det(vαβ¯)−Av + f(z, t),
where f ∈ C∞(Ω¯× [0, T )).
Then sup
Ω×(0,T )
(u− v) ≤ max{0, sup
∂P (Ω×(0,T ))
(u− v)}.
Corollary 2.6. Let Ω be a bounded domain of Cn and T > 0. We denote by L the
operator on C∞(Ω× (0, T )) given by
L(f) =
∂f
∂t
−
∑
aαβ¯
∂2f
∂zα∂z¯β
− b.f,
where aαβ¯, b ∈ C(Ω × (0, T )), (aαβ¯(z, t)) are positive definite Hermitian matrices and
b(z, t) < 0.
Assume that φ ∈ C∞(Ω× (0, T )) ∩ C(Ω¯× [0, T )) satisfies
L(φ) ≤ 0.
Then φ ≤ max(0, sup
∂P (Ω×(0,T ))
φ).
2.3. The Laplacian inequalities.
We shall need two standard auxiliary results (see [Yau78], [Siu87] for a proof).
Theorem 2.7. Let ω1, ω2 be positive (1, 1)-forms on a complex manifold X.Then
n
(
ωn1
ωn2
)1/n
≤ trω2(ω1) ≤ n
(
ωn1
ωn2
)
(trω1(ω2))
n−1,
where trω1(ω2) =
nωn−11 ∧ ω2
ωn1
.
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Remark 2.8. Applying Theorem 2.7 for ω1 = dd
cu and ω2 = dd
c|z|2, we have
n(det(uαβ¯))
1/n ≤ ∆u ≤ n(det(uαβ¯))(
∑
uαα¯)n−1.
Theorem 2.9. Let ω, ω′ be two Ka¨hler forms on a complex manifold X. If the holo-
morphic bisectional curvature of ω is bounded below by a constant B ∈ R on X,then
∆ω′ log trω(ω
′) ≥ −
trωRic(ω
′)
trω(ω′)
+B trω′(ω),
where Ric(ω′) is the form associated to the Ricci curvature of ω′.
Remark 2.10. Applying Theorem 2.9 for ω = ddc|z|2 and ω′ = ddcu, we have
∑
uαβ¯(log∆u)αβ¯ ≥
∆ log det(uαβ¯)
∆u
.
3. Some properties of weak solutions
In this section, we assume that Ω is a bounded smooth strictly pseudoconvex domain
of Cn, A ≥ 0, T > 0.
We will study some properties of the weak solutions of (1). The proof of Theorem
1.1 and the proof of Theorem 1.3 are contained in this section. Theorem 1.1 is the
union of Proposition 3.2 and Corollary 3.4. Theorem 1.3 is a corollary of Proposition
3.9 and Proposition 3.10.
Lemma 3.1. Assume that there exists um ∈ C
∞(Ω¯× [0, T )) satisfying
(8)


um(., t) ∈ SPSH(Ω) ∀t ∈ [0, T ),
um(z, t) + 2
−m ≥ um+1(z, t) ∀(z, t) ∈ Ω¯× [0, T ),
u˙m = log det(um)αβ¯ − Aum + f(z, t) ∀(z, t) ∈ Ω× (0, T ),
um(z, t) −→ ϕ(z, t) ∀(z, t) ∈ ∂Ω × [0, T ),
um(z, 0) −→ u0(z) ∀z ∈ Ω¯.
Then u = lim um is a weak solution of (1).
Proof. Set vm = um + 2
−m+1e−At+AT . We have
vm − vm+1 = (um + 2
−m − um+1) + 2
−m(e−At+AT − 1) ≥ 0.
Thus the sequence {vm} is decreasing, and
vm ց ϕ on ∂Ω× [0, T ),
vm ց u0 on Ω¯× {0}.
Moreover, it follows from (8) that
v˙m = u˙m − A.2
−m+1e−At+AT
= log det(um)αβ¯ − Aum + f(z, t)−A2
−m+1.e−At+AT
= log det(vm)αβ¯ − Avm + f(z, t).
Hence, u = lim vm = lim um is a weak solution of (1). 
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Proposition 3.2. Under the hypotheses of Theorem 1.1, there exists a weak solution
of (1).
Proof. Using the convolution of u0 +
|z|2
m
with smooth kernels, we can take u0,m ∈
C∞(Ω¯) ∩ SPSH(Ω¯) such that
(9) u0,m ց u0.
Note that u0|∂Ω is continuous. Then
(10) δm = sup
z∈∂Ω
(u0,m(z)− u0(z))
m→∞
−→ 0.
We define gm ∈ C
∞(Ω¯) and ϕm ∈ C
∞(Ω¯× [0, T )) by
gm = log det(u0,m)αβ¯ −Au0,m + f(z, 0),
ϕm = ζ(
t
ǫm
)(tgm + u0,m) + (1− ζ(
t
ǫm
))ϕ,
where ζ is a smooth function on R such that ζ is decreasing, ζ |(−∞,1] = 1 and ζ |[2,∞) = 0.
ǫm > 0 are chosen such that the sequences {ǫm}, {ǫm sup |gm|} are decreasing to 0.
u0,m and ϕm satisfy the compatibility condition. By Theorem 2.2, there exists um ∈
C∞(Ω¯× [0, T )) satisfying
(11)


u˙m = log det(um)αβ¯ −Aum + f(z, t) on Ω× (0, T ),
um = ϕm on ∂Ω× [0, T ),
um = u0,m on Ω¯× {0}.
It follows from (10) that, for any m > 0,
ϕm ≥ ζ(
t
ǫm
)u0 + (1− ζ(
t
ǫm
))ϕ− 2ǫm sup |gm|,
ϕm ≤ ζ(
t
ǫm
)u0 + (1− ζ(
t
ǫm
))ϕ+ 2ǫm sup |gm|+ δm.
where (z, t) ∈ ∂Ω × [0, T ).
Then
sup
∂Ω×[0,T )
|ϕm − ϕ| ≤ sup
∂Ω×[0,2ǫm]
|ϕ− u0|+ 2ǫm sup |gm|+ δm.
Note that u0(z) = ϕ(z, 0) for any z ∈ ∂Ω. Hence
sup
∂Ω×[0,T )
|ϕm − ϕ|
m→∞
−→ 0.
Then we can choose a subsequence {ϕmk} such that
(12) sup
∂Ω×[0,T )
|ϕmk − ϕ| ≤ 2
−k−1.
for any k > 0.
Using (9), (12) and applying Corollary 2.5, we have
umk + 2
−k ≥ umk+1.
It follows from Lemma 3.1 that u = lim umk is a weak solution of (1). 
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Proposition 3.3. Assume that u is a weak solution of (1) and v is a weak solution of
(13)


v˙ = log det(vαβ¯)−Av + g(z, t) on Ω× (0, T ),
v = ψ on ∂Ω × [0, T ),
v = v0 on Ω¯× {0},
where v0 is a plurisubharmonic function in a neighbourhood of Ω¯ and g, ψ are smooth
functions in Ω¯× [0, T ]. If there are A1, A2, A3 ≥ 0 such that
u0 ≤ v0 + A1,
ϕ|∂Ω×(0,T ) ≤ ψ|∂Ω×(0,T ) + A2,
f ≤ g + A3,
then u ≤ v +max{A1, A2}+ A3T .
Proof. Assume that um ∈ C
∞(Ω¯× [0, T )) satisfies
(14)


um(., t) ∈ SPSH(Ω)
u˙m = log det(um)αβ¯ −Aum + f(z, t) on Ω× (0, T ),
um ց ϕ on ∂Ω× [0, T ),
um ց u0 on Ω¯× {0},
and that vm ∈ C
∞(Ω¯× [0, T )) satisfies
(15)


vm(., t) ∈ SPSH(Ω)
v˙m = log det(vm)αβ¯ −Avm + g(z, t) on Ω× (0, T ),
vm ց ψ on ∂Ω× [0, T ),
vm ց v0 on Ω¯× {0}.
Fix m > 0, ǫ > 0, 0 < T ′ < T . We need to show that there exists km > 0 satisfying
(16) ukm ≤ vm +max{A1, A2}+ A3T + ǫ, ∀(z, t) ∈ Ω× (0, T
′).
Indeed, if we denote wm = vm + A3t then
w˙m ≥ log det(wm)αβ¯ − Awm + g(z, t) + A3 ≥ log det(wm)αβ¯ −Awm + f(z, t)
It follows from Corollary 2.5 that
uk − vm = uk − wm + A3t ≤ sup
∂P (Ω×(0,T ′))
(uk − wm) + A3T, ∀k > 0, (z, t) ∈ Ω× (0, T
′).
Note that
∩k>0{(z, t) ∈ ∂Ω× [0, T
′] : uk(z, t) ≥ wm(z, t) + A2 + ǫ} = ∅.
By the compactness of ∂Ω× [0, T ′], there exists k
′
m > 0 such that
∩k<k′m{(z, t) ∈ ∂Ω× [0, T
′] : uk(z, t) ≥ wm(z, t) + A2 + ǫ} = ∅.
By the monotonicity of {uk}, we have
uk′m(z, t) < wm(z, t) + A2 + ǫ, ∀(z, t) ∈ ∂Ω × [0, T
′].
Similarly, there exists k
′′
m > 0 such that
uk′′m(z, 0) < wm(z, 0) + A1 + ǫ, ∀z ∈ Ω¯.
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Denote km = max{k
′
m, k
′′
m}. We have
sup
∂P (Ω×(0,T ′))
(ukm − wm) ≤ max{A1, A2}+ ǫ.
Then
ukm ≤ vm +max{A1, A2}+ A3T + ǫ, ∀(z, t) ∈ Ω× (0, T
′).
When m→∞, we obtain
u ≤ v +max{A1, A2}+ A3T + ǫ, ∀(z, t) ∈ Ω× (0, T
′).
When ǫ→ 0 and T ′ → T , we obtain
u ≤ v +max{A1, A2}+ A3T, ∀(z, t) ∈ Ω× (0, T ).

Corollary 3.4. The weak solution of (1) is unique.
Remark 3.5. By Proposition 3.2 and Corollary 3.4, if 0 < T ′ < T and v is the weak
solution of (1) on Ω¯× [0, T ′) then
v = u|Ω¯×[0,T ′),
where u is the weak solution of (1) on Ω¯× [0, T ).
Proposition 3.6. Assume that ψm, gm are smooth functions in Ω¯× [0, T ] and v0,m is
a plurisubharmonic function in a neighbourhood of Ω¯ satisfying{
ψm ց ϕ, gm ց f, v0,m ց u0,
v0,m|∂Ω = ψm(., 0)|∂Ω.
Suppose that vm ∈ USC(Ω¯× [0, T )) is the weak solution of

v˙m = log det(vm)αβ¯ − Avm + gm(z, t) on Ω× (0, T ),
vm = ψm on ∂Ω× [0, T ),
vm = v0,m on Ω¯× {0}.
Then vm ց u, where u is the weak solution of (1).
Proof. By Proposition 3.3, we have
v1 ≥ v2 ≥ ... ≥ vm ≥ ... ≥ u.
We need to show that lim vm ≤ u.
Let 0 < T ′ < T and ǫ > 0. By Dini’s theorem, there exists m1 > 0 such that
ψm1 < ϕ+ ǫ on ∂Ω× [0, T
′],
gm1 < f + ǫ on Ω¯× [0, T
′].
Assume that um ∈ C
∞(Ω¯ × [0, T )) satisfies (14). Fix k > 0. Let h be a harmonic
function in Ω¯ such that h|∂Ω = uk(., 0)|∂Ω. Then there exists a subset K ⋐ Ω such that
(h− uk(., 0))|Ω¯\K ≤ ǫ.
Note that
v0,m1 − h ≤ sup
∂Ω
(v0,m1 − h) ≤ sup
∂Ω
(v0,m1 − u0) ≤ ǫ.
Then (v0,m1 − uk(., 0))|Ω¯\K ≤ 2ǫ.
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Moreover, by Hartogs lemma, there exists m2 > 0 such that
(v0,m2 − uk(., 0))|K ≤ ǫ.
Then, for any m > max{m1, m2}, we have
ψm < uk + ǫ on ∂Ω× [0, T
′],
gm < f + ǫ on Ω¯× [0, T
′],
v0,m ≤ uk(., 0) + 2ǫ on Ω¯.
It follows from Proposition 3.3 that
vm(z, t) ≤ uk(z, t) + (T + 2)ǫ on Ω× (0, T
′).
Then
lim
m→∞
vm(z, t) ≤ uk(z, t) + (T + 2)ǫ on Ω× (0, T
′).
When k →∞, ǫ→ 0 and T ′ → T , we obtain
lim
m→∞
vm ≤ u.

Lemma 3.7. Suppose that ψ, g ∈ C∞(Ω¯ × [0, T ]). Assume that v ∈ C∞(Ω¯ × [0, T ))
satisfies
(17)


v(., t) ∈ SPSH(Ω¯),
v˙ = log det(vαβ¯)−Av + g(z, t) on Ω× (0, T ),
v = ψ on ∂Ω × [0, T ).
Then
v(z, t)− v(z, 0) ≥ −C(t),
for any (z, t) ∈ Ω¯× [0, T ). Here C(t) is defined by
C(t) = inf
1>ǫ>0
((−n log ǫ+ A sup |ψ|+ sup |g|)t− ǫ inf ρ) + sup
t′∈[0,t]
sup
z∈∂Ω
|ψ(z, t′)− ψ(z, 0)|,
where ρ ∈ C∞(Ω¯) such that ddcρ ≥ ddc|z|2 and ρ|∂Ω = 0.
Proof. Fix 0 < ǫ < 1 and 0 < t0 < T . Denote
Aǫ = −n log ǫ+ A sup |ψ|+ sup |g|,
δt0 = sup
t∈[0,t0]
sup
z∈∂Ω
|ψ(z, t)− ψ(z, 0)|.
We consider
w(z, t) = v(z, 0)− Aǫt + ǫρ(z)− δt0 .
We have
w˙ − log detwαβ¯ + Aw − g ≤ −Aǫ − n log ǫ− log det ραβ¯ + A supw + sup |g|
≤ −Aǫ − n log ǫ+ A supψ + sup |g|
≤ 0.
Moreover,
w(z, 0) ≤ v(z, 0) on Ω¯,
w(z, t) ≤ v(z, 0)− δt0 ≤ v(z, t) on ∂Ω × [0, t0).
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Applying Corollary 2.5, we obtain
v(z, t) ≥ w(z, t) = v(z, 0)−Aǫt+ ǫρ(z) − δt0 , ∀(z, t) ∈ Ω¯× [0, t0).
Thus
v(z, t0) ≥ v(z, 0)− inf
1>ǫ>0
{Aǫt0 − ǫ inf ρ} − δt0 .

Remark 3.8. Under the conditions of Lemma 3.7, C(t) is an increasing function
satisfying
lim
t→0
C(t) = 0.
Proposition 3.9. If a function u ∈ C∞(Ω¯× (0, T )) satisfies
(18)


u(., t) ∈ SPSH(Ω),
u˙ = log det(uαβ¯)−Au+ f(z, t) on Ω× (0, T ),
u = ϕ on ∂Ω× [0, T ),
u(., t)
L1
−→ u0.
Then u is the weak solution of (1).
Proof. By Lemma 3.7, there exists tm ց 0 such that
(19) u(z, tm + t) ≥ u(z, tm+1 + t)− 2
−m, ∀(z, t) ∈ Ω¯× [0, T − tm).
By the condition ”u(., t)
L1
→ u0”, we have
u(., tm) + 2
−m+1 ց u0.
Passing to a subsequence, we can assume that
f(z, tm + t) + 2
−m+1 ց f(z, t),
ϕ(z, tm + t) + 2
−m+1 ց ϕ(z, t).
Fix k > 0. For any m > k, um = u(., tm + .) ∈ C
∞(Ω¯)× [0, T − tk)) is the solution of
equation
(20)


u˙m = log det(um)αβ¯ − Aum + f(z, tm + t) ∀(z, t) ∈ Ω× (0, T − tk),
um(z, 0) = u(z, tm), ∀z ∈ Ω¯,
um(z, t) = u(z, tm + t), ∀(z, t) ∈ ∂Ω × [0, T − tk).
Let vm ∈ USC(Ω¯× [0, T − tk)) be the weak solution of equation
(21)


v˙m = log det(vm)αβ¯ − Avm + f(z, tm + t) + 2
−m+1 on Ω× (0, T − tk),
vm(z, 0) = u(z, tm) + 2
−m+1, on Ω¯,
vm(z, t) = ϕ(z, tm + t) + 2
−m+1, on ∂Ω × [0, T − tk).
Applying Proposition 3.6, we have
vm ց v,
where v is the weak solution of (1) on Ω¯× [0, T − tk).
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Applying Proposition 3.3, we have
sup
Ω¯×[0,T−tk)
|um − vm|
m→0
−→ 0.
Then
u(z, t) = lim um(z, t) = lim vm(z, t) = v(z, t), ∀(z, t) ∈ Ω¯× [0, T − tk).
Hence u is the weak solution of (1) on Ω¯× [0, T − tk).
When k →∞, we have u is the weak solution of (1) on Ω¯× [0, T ). 
Proposition 3.10. If there is a ∈ Ω such that νu0(a) > 0, then the weak solution u of
(1) satisfies u(a, t) = −∞ for t ∈ [0, ǫA(νu0(a))).
Proof. We need to show that u(a, t) = −∞ for t ∈ [0, ǫA(ν)) when 0 < ν < νu0(a), so
that we have
(22)
{
u0 ≤ ν log |z − a|+B1, ∀z ∈ Ω¯,
ϕ ≤ ν log |z − a|+B1, ∀(z, t) ∈ ∂Ω × [0, T ),
where B1 > 0 is given.
Let χ : R → R+ be a smooth increasing convex function such that χ|(−∞,−1) = 0,
χ|(1,∞) = Id. For any m, we denote
wm(z) = χ(log |z − a|+m)−m.
We will show that there exists B > 0 such that
vm(z, t) = g(t)wm(z) + |z|
2 +B(t+ 1) ≥ u(z, t),
for any m > 0 and (z, t) ∈ Ω¯× [0, ǫA(ν)). Here g(t) = kA(ν, t) as in (3).
It is easy to show that
v˙m(z, t) + Avm(z, t) ≥ −2nwm(z) +B, ∀(z, t) ∈ Ω¯× [0, ǫA(ν)).
When |z − a| < e−m−1, we have wm = −m, |D
2wm| = 0. Then
(23) v˙m − log det(vm)αβ¯ + Avm − f(z, t) ≥ 2mn+B − f(z, t)
When |z − a| ≥ e−m−1, we have
wm ≤ log |z − a|+ 2,
|(wm)αβ¯| ≤
B2
|z−a|2
,
where B2 > 0 is independent of m. Then
log det(vm)αβ¯ = log det(g(t)wm + |z|
2)αβ¯ ≤ log
B3
|z − a|2n
,
where B3 > 0 is independent of m.
Hence
(24) v˙m − log det(vm)αβ¯ + Avm − f(z, t) ≥ −4n− logB3 +B − f(z, t)
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By (22), (23) and (24), there exists B > 0 such that, for any m,
(25)


v˙m − log det(vm)αβ¯ + Avm − f(z, t) ≥ 0 ∀(z, t) ∈ Ω× (0, ǫA(ν)),
vm(z, 0) ≥ u0(z), ∀z ∈ Ω¯,
vm(z, t) ≥ ϕ(z, t), ∀(z, t) ∈ ∂Ω× [0, ǫA(ν)).
Applying Proposition 3.3, we have
vm ≥ u on Ω¯× [0, ǫA(ν)).
When m→∞, we obtain
g(t) log |z − a| + |z|2 +B(t + 1) ≥ u(z, t), ∀(z, t) ∈ Ω¯× [0, ǫA(ν)).
In particular, u(a, t) = −∞ for t ∈ [0, ǫA(ν)). 
4. Proof of Theorem 1.2
4.1. Bounds on u˙.
Lemma 4.1. Assume that u ∈ C∞(Ω¯× [0, T )) satisfies
(26)
{
u˙ = log det(uαβ¯)− Au+ g(z, t) on Ω× (0, T ),
u = ϕ on ∂Ω× [0, T ).
Then the following hold
(i) If A = 0 then
u(z, t)− sup u0
t
−B ≤ u˙(z, t) ≤
u(z, t)− u0(z)
t
+B, ∀(z, t) ∈ Ω¯× [0, T ),
where B = 2 sup |ϕ˙|+ T sup |g˙|+ n and u0 = u(., 0).
(ii) If A > 0 then
A
eAt − 1
(u− eAt sup(u0)+)−B ≤ u˙ ≤
A
eAt − 1
(u− u0) +B,
where B = 2 sup |ϕ˙|+ T sup |g˙|+ n and u0 = u(., 0) and (u0)+ = max{u0, 0}.
Proof. We denote by L the operator
L(φ) = φ˙−
∑
uαβ¯φαβ¯ + Aφ, ∀φ ∈ C
∞(Ω¯× [0, T )),
where (uαβ¯) is the transpose of the inverse of the Hessian matrix (uαβ¯).
(i) When A = 0, we have, for any B > 0,
L(tu˙ − u+ u0 − Bt) = tu¨+ u˙− u˙− B − t
∑
uαβ¯u˙αβ¯ +
∑
uαβ¯uαβ¯ −
∑
uαβ¯(u0)αβ¯
= tgt − B + n−
∑
uαβ¯(u0)αβ¯
≤ T sup |g˙| −B + n.
L(tu˙ − u+Bt) = tu¨+ u˙− u˙+B − t
∑
uαβ¯u˙αβ¯ +
∑
uαβ¯uαβ¯
= B + n+ tg˙
≤ B + n− T sup |g˙|.
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Then, for any B ≥ T sup |g˙|+ n, we have
L(tu˙− u+ u0 − Bt) ≤ 0,
L(tu˙− u+Bt) ≥ 0.
It follows from Corollary 2.6 that, for any B ≥ 2 sup |ϕ˙|+ T sup |g˙|+ n,
tu˙− u+ u0 −Bt ≤ sup∂P (Ω×[0,T ))(tu˙− u+ u0 − Bt) ≤ 0.
tu˙− u+Bt ≥ inf∂P (Ω×[0,T ))(tu˙− u+Bt) ≥ − sup u0.
Hence, if B = 2 sup |ϕ˙|+ T sup |g˙|+ n then
u(z, t)− sup u0
t
− B ≤ u˙(z, t) ≤
u(z, t)− u0(z)
t
+B,
for any (z, t) ∈ Ω¯× [0, T ).
(ii)When A > 0, we have
L(
1 − e−At
A
u˙− e−Atu) =
1− e−At
A
u¨+ e−Atu˙− e−Atu˙+ Ae−Atu−
1− e−At
A
∑
uαβ¯u˙αβ¯
+e−At
∑
uαβ¯uαβ¯ + A(
1− e−At
A
u˙− e−Atu)
=
1− e−At
A
g˙ + e−Atn,
L(e−Atu0) = −Ae
−Atu0 − e
−At
∑
uαβ¯(u0)αβ¯ + Ae
−Atu0 ≤ 0,
L(Bt) = B + ABt,
where B > 0.
Then, for any B ≥ T sup |g˙|+ n, we have
L(
1− e−At
A
u˙− e−At(u− u0)− Bt) ≤ 0,
L(
1− e−At
A
u˙− e−Atu+Bt) ≥ 0.
It follows from Corollary 2.6 that, for any B ≥ 2 sup |ϕ˙|+ T sup |g˙|+ n,
1− e−At
A
u˙− e−At(u− u0)− Bt ≤ sup
∂P (Ω×[0,T ))
(
1− e−At
A
u˙− e−At(u− u0)−Bt) ≤ 0,
and
1− e−At
A
u˙− e−Atu+Bt ≥ inf
∂P (Ω×[0,T ))
(
1− e−At
A
u˙− e−Atu+Bt) ≥ − sup(e−Atu0)
≥ − sup(u0)+.
Hence, if B = 2 sup |ϕ˙|+ T sup |g˙|+ n then
A
eAt − 1
(
u− eAt sup(u0)+
)
−B
At
1− e−At
≤ u˙ ≤
A
eAt − 1
(u− u0) +B
At
1− e−At
.
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Thus
A
eAt − 1
(u− eAt sup(u0)+)−B ≤ u˙ ≤
A
eAt − 1
(u− u0) +B.

4.2. Proof of Theorem 1.2.
4.2.1. Smoothness.
As in the proof of Proposition 3.2, we can construct a sequence of functions
um ∈ C
∞(Ω¯× [0, T )) satisfying
(27)


um(., t) ∈ SPSH(Ω),
u˙m = log det(um)αβ¯ −Aum + f(z, t) on Ω× (0, T ),
um = ϕm ⇒ ϕ on ∂Ω× [0, T ),
um = ϕ on ∂Ω× (ǫm, T ),
um = u0,m ց u0 on Ω¯× {0},
u = lim
m→∞
um.
where ǫm ց 0.
∀ǫ ∈ (0, T ), ∀m≫ 1, um(., ǫ) verifies
(28)
{
(ddcum(z, ǫ))
n = Fm(z) on Ω,
um(z, ǫ) = ϕ(z, ǫ) on ∂Ω,
where Fm(z) = exp(u˙m(z, ǫ) + Aum(z, ǫ)− f(z, ǫ)).
By Lemma 4.1 and Proposition 3.10, we have, for m≫ 1,
Fm(z) ≤ C1e
−u(z,ǫ/2)
ǫ/2 ≤ C2e
−
2u0(z)
ǫ
where C1, C2 > 0 depend only on Ω, ǫ, T, A, f, ϕ.
By Skoda’s theorem (see [Sko72]), we have Fm ∈ L
p(Ω¯) for any p > 1.
Applying Kolodziej theorem (Theorem B [Kol98]), we have
‖um(., ǫ)‖L∞(Ω¯) ≤ C.
where C is independent of m.
Hence, the weak solution u satisfies
‖u(., ǫ)‖L∞(Ω¯) ≤ C.
By Corollary 3.4, Proposition 3.9 and the case where u0 is bounded ([Do15]), we have
u is smooth on Ω¯× (ǫ, T ) and verifies
(29) u˙ = log det(uαβ¯)− Au+ f(z, t)
on Ω¯× (ǫ, T ).
When ǫց 0, we have u is smooth on Ω¯× (0, T ) and verifies (29) on Ω¯× (0, T ).
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4.2.2. Continuity at zero.
Applying Lemma 3.7, we have
(30) lim inf
t→0
u(z, t) ≥ u0(z),
for any z ∈ Ω¯.
Note that u is the limit of a decreasing sequence of smooth functions, then u ∈
USC(Ω¯× [0, T )). We have
(31) lim sup
t→0
u(z, t) ≤ u0(z),
for any z ∈ Ω¯.
Combining (30) and (31), we obtain
lim
t→0
u(z, t) = u0(z).
Hence, by the dominated convergence theorem, u(., t)→ u0 in L
1, as t→ 0.
5. A priori estimates
In this section, we will prove a priori estimates which will be used in the proof of
Theorem 1.4.
We suppose that Ω be a bounded smooth strictly pseudoconvex domain of Cn,
C0, A, T,N1, ..., Nl > 0 and a1, ...al ∈ Ω. We also suppose that ϕ, g are smooth functions
in Ω¯× [0, T ] and u0 is a plurisubharmonic function in Ω satisfying
(32) ‖g‖C2(Ω¯×[0,T ]) + ‖ϕ‖C4(Ω¯×[0,T ]) ≤ C0,
(33) u0 ≥
l∑
j=1
Nj log |z − aj| − C0,
where ‖.‖Ck(Ω¯×[0,T ]) is defined by
‖φ‖Ck(Ω¯×[0,T ]) =
∑
|j1|+j2≤2
sup
Ω¯×[0,T ]
|Dj1x D
j2
t φ|,
for any φ ∈ C∞(Ω¯× [0, T ]).
Throughout this section, unless specified otherwise, we always assume that u0 is
smooth and strictly plurisubharmonic in Ω¯. The main result of this section is following
Theorem 5.1. Assume that u ∈ C∞(Ω¯× [0, T )) satisfies
(34)


u˙ = log det(uαβ¯)− Au+ g(z, t) on Ω× (0, T ),
u = ϕ on ∂Ω × [0, T ),
u(., 0) = u0 on Ω¯.
Then for any 0 < ǫ < T and K ⋐ Ω¯ \ {a1, ..., al}, there exists C1, C2 > 0 depending on
Ω, T, C0, N1, ..., Nl, a1, ..., al, ǫ, K such that
(35) |u(z, t)|+ |u˙(z, t)| +∆u(z, t) ≤ C, ∀(z, t) ∈ K × (ǫ, T ).
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By Lemma 3.7, we have
supϕ ≥ u(z, t) ≥ u0(z)− C(t) ≥
l∑
j=1
Nj log |z − aj | − C0 − C(t).
By Lemma 4.1, we also have the bounds of u˙. Then it remains to estimate ∆u.
5.1. Bounds on ∇u.
Let 0 < ǫ < T . We need to estimate ∇u near ∂Ω× (ǫ, T ) in order to bound ∆u on
∂Ω× (ǫ, T ).
Lemma 5.2. For any T > ǫ > 0, there exists B > 0 depending only on n,Ω, T, C0, a1, ..., al,
N1, ..., Nl, ǫ such that
sup
∂Ω×(ǫ,T )
|∇u| ≤ B.
Proof. For any (z, t) ∈ ∂Ω × (0, T ), ξ ∈ TR,z∂Ω, we have
|uξ(z, t)| = |ϕξ(z, t)| ≤ C0.
It remains to show that , for any (z, t) ∈ ∂Ω× (ǫ, T ),
|uη(z, t)| ≤ B,
where η is an interior normal vector of ∂Ω at z, ‖η‖ = 1.
We need to construct functions u, h ∈ C∞(Ω¯× [0, T )) such that
u ≤ u ≤ h on Ω¯× [0, T ),
u = ϕ = h on ∂Ω× (ǫ, T ),
and |∇u|, |∇h| are bounded by a constant which depending only on n,Ω, T , C0,a1,...,al,
N1,...,Nl, ǫ.
Let u0 be a smooth plurisubharmonic function on Ω¯ such that u0 ≤ u0 and
u0 =
∑
Nj log |z − aj | − (1 + ǫ)C0 near ∂Ω.
Let h0 be a harmonic function on Ω¯ such that
h0 =
∑
Nj log |z − aj | − (1 + ǫ)C0 on ∂Ω.
Let ζ : R→ [0, 1] be a smooth increasing function such that ζ(0) = 0, ζ(ǫ) = 1.
We consider the functions
ϕ(z, t) = (1− ζ(t))h0(z) + ζ(t)ϕ(z, t),
u(z, t) = u0(z) + ϕ(z, t)− h0(z) +B1ρ(z),
where ρ ∈ C∞(Ω¯) such that ddcρ ≥ ddc|z|2 and ρ|∂Ω = 0 and B1 ≥
1
n
exp(sup ϕ˙ +
3A sup |ϕ|+ sup |g|) such that u(., t) ∈ SPSH(Ω¯) for any t ∈ [0, T ].
We have
u(z, 0) = u0(z) +B1ρ(z) ≤ u0(z),
u|∂Ω×(0,T ) = ϕ|∂Ω×(0,T ) ≤ ϕ|∂Ω×(0,T ),
u˙− log det uαβ¯ + Au− g(z, t) ≤ ϕ˙− n logB1 + A(sup u0 + 2 sup |ϕ|) + sup |g| ≤ 0.
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It follows from Corollary 2.5 that u ≤ u.
Now, let h : Ω¯× [0, T )→ R be a spatial harmonic function satisfying
h|∂Ω×[0,T ) = ϕ|∂Ω×[0,T ).
We have {
u ≤ u ≤ h on Ω¯× [0, T ),
u = ϕ = h on ∂Ω × (ǫ, T ).
Then for any (z, t) ∈ ∂Ω × (ǫ, T ), we have
uη(z, t) ≤ uη(z, t) ≤ hη(z, t),
where η is an interior normal vector of ∂Ω at z, ‖η‖ = 1.
Hence
|uη(z, t)| ≤ sup{|uη(z, t)|, |hη(z, t)|} ≤ B2,
where B2 > 0 depends only on n,Ω, T , C0,a1,...,al, N1,...,Nl, ǫ.

Lemma 5.3. For any T > 2ǫ > 0 and K ⋐ Ω¯ \ {a1, ..., al}, there exists B > 0
depending only on n,Ω, T, C0, a1, ..., al, N1, ..., Nl, K, ǫ such that
sup
K×(2ǫ,T )
|∇u| ≤ B.
Proof. We will use the technique of Blocki as in [Blo08].
By Lemma 4.1, there exists M > 0 depending only on n,Ω, T, C0, ǫ, N1, ..., Nl such
that
(36)
{
u˙ ≤M(
∑
log− |z − aj|+ 1) on Ω¯× [ǫ, T ),
u˙+ Au− g ≤M(
∑
log− |z − aj |+ 1) on Ω¯× [ǫ, T ),
where log− |z − aj| = max{− log |z − aj |, 0}.
Let f1, ..., fN ∈ {f ∈ O(C
n, C) : log |f | ≤
l∑
j=1
M log |z − aj |+O(1)} satisfy
l∏
j=1
|z − aj |
2M =
N∑
j=1
|fj|
2.
The fj are in fact polynomials, which could be written explicitly, but tediously, using
the multinomial formula. Note that the choice of f1, ..., fN depends only on a1, ..., al,M .
Then there exists C1 > 0 depending only on Ω, a1, ..., al,M such that
(37)
N∑
j=1
|(fj)α|.|fj|
N∑
j=1
|fj|2
≤
l∑
j=1
C1
|z − aj |
on Ω.
Without loss of generality, we can assume that 0 ∈ Ω and C0 > 1. We denote, for
(z, t) ∈ Ω¯× [ǫ, T ),
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k(t) = (n + 1) log(t− ǫ),
γ(u) = log(3C0 − u)− log(2C0 − u),
ψj = fj∇u, ∀j = 1, ..., N,
ψ0 =
∑n
j=1 |ψj |
2,
ψ = logψ0 + γ(u) + k(t) + η|z|
2,
where η = 1
4(diam(Ω)+1)2
.
We will show that
sup
Ω¯×[ǫ,T ′]
ψ ≤ B˜, ∀T ′ ∈ (ǫ, T ),
where B˜ depends only on n,Ω, T, C0, a1, ..., al, N1, ..., Nl, K, ǫ.
Let (z0, t0) ∈ Ω¯× [ǫ, T
′] satisfy
ψ(z0, t0) = sup
Ω¯×[ǫ,T ′]
ψ.
By an orthogonal change of coordinates, we can assume that (uαβ¯(z0, t0)) is diagonal.
For convenience, we denote λα = uαα¯(z0, t0).
Assume that
(38) ψ(z0, t0) ≥ B1 + 1,
where B1 ≥ sup∂Ω×(ǫ,T ) ψ is a constant depending only on n,Ω, T, C0, a1, ..., al, N1, ..., Nl,
K, ǫ.
Then z0 ∈ Ω \ {a1, ..., al},t0 ∈ (ǫ, T
′]. Hence, ψ˙(z0, t0) ≥ 0, ∇ψ(z0, t0) = 0 and
(ψαβ¯(z0, t0)) is negative. We have, at (z0, t0),
(39)


(ψ0)α
ψ0
= −γ′(u)uα − ηz¯α,
L(ψ) := ψ˙ −
∑
uαβ¯ψαβ¯ ≥ 0,
where (uαβ¯) is the transpose of inverse matrix of Hessian matrix (uαβ¯).
We compute, at (z0, t0),
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L(γ(u) + k(t) + η|z|2) = γ′(u)u˙+ k′(t)− γ′(u)
∑
uαβ¯uαβ¯ − γ
′′(u)
∑
uαβ¯uαuβ¯ − η
∑
uαα¯
= γ′(u)(u˙− n) + k′(t)− γ′′(u)
∑ |uα|2
λα
− η
∑ 1
λα
.
L(logψ0) =
ψ˙0
ψ0
−
∑ (ψ0)αα¯
λαψ0
+
∑ |(ψ0)α|2
λαψ
2
0
=
ψ˙0
ψ0
−
∑
j,α
|(ψj)α|
2 + |(ψj)α¯|
2 + 2Re(〈(ψj)αα¯, ψj〉)
λαψ0
+
∑ |(ψ0)α|2
λαψ
2
0
≤
ψ˙0
ψ0
−
∑
j,α
2Re(〈(ψj)αα¯, ψj〉)
λαψ0
+
∑ |(ψ0)α|2
λαψ
2
0
=
ψ˙0
ψ0
−
∑
j,α
2Re(λα(fj)αf¯juα¯)
λαψ0
−
∑
j,α
2Re(〈fj∇uαα¯, ψj〉)
λαψ0
+
∑ |(ψ0)α|2
λαψ
2
0
=
2Re〈∇u˙,∇u〉
|∇u|2
−
∑
j,α
2Re((fj)αf¯juα¯)
ψ0
−
∑
α
2Re(〈∇uαα¯,∇u〉)
λα|∇u|2
+
∑ |(ψ0)α|2
λαψ
2
0
=
2Re(〈L(∇u),∇u〉)
|∇u|2
−
∑
j,α
2Re((fj)αf¯juα¯)
ψ0
+
∑ |(ψ0)α|2
λαψ
2
0
=
2Re(〈−A∇u+∇g,∇u〉)
|∇u|2
−
∑
j,α
2Re((fj)αf¯juα¯)
ψ0
+
∑ |(ψ0)α|2
λαψ
2
0
≤
2|∇g|
|∇u|
+
l∑
j=1
2nC1
|z − aj ||∇u|
+
∑ |(ψ0)α|2
λαψ
2
0
Then
(40)
L(ψ) ≤
2|∇g|
|∇u|
+
l∑
j=1
2nC1
|z − aj ||∇u|
+
∑ |(ψ0)α|2
λαψ
2
0
+ γ′(u)(u˙− n)
+k′(t0)− γ
′′(u)
∑ |uα|2
λα
− η
∑ 1
λα
.
By (39), we have,
(41)
∑ |(ψ0)α|2
λαψ
2
0
≤ 2
∑ (γ′(u))2|uα|2 + η2|zα|2
λα
≤ 2(γ′(u))2
∑ |uα|2
λα
+
η
2
∑ 1
λα
.
Note that
γ′(u) =
1
2C0 − u
−
1
3C0 − u
=
C0
(2C0 − u)(3C0 − u)
,
γ′′(u) =
1
(2C0 − u)2
−
1
(3C0 − u)2
=
C0(5C0 − 2u)
(2C0 − u)2(3C0 − u)2
,
γ′′(u)− 2(γ′(u))2 ≥
C20
(3C0 − u)4
.
Then, we have, by (40), (41),
L(ψ) ≤
2|∇g|
|∇u|
+
l∑
j=1
2nC1
|z − aj||∇u|
+ γ′(u)(u˙− n)
+k′(t0)−
C20
(3C0 − u)4
∑ |uα|2
λα
−
η
2
∑ 1
λα
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By (36), (38), there exists C2 > 0 depending only on n,Ω, T, C0, a1, ..., al, N1, ..., Nl,
K, ǫ such that
L(ψ) ≤ C2 −M
∑
log |z − aj |+ k
′(t0)−
C20
(3C0 − u)4
∑ |uα|2
λα
−
η
2
∑ 1
λα
.
We can also assume that C2 −M
∑
log |z − aj| > 0.
By the condition L(ψ)|(z0,t0) ≥ 0, we have,
(42)
C20
(3C0 − u)4
∑ |uα|2
λα
+
η
2
∑ 1
λα
≤ C2 −M
∑
log |z − aj |+ k
′(t0).
Then
1
λα
=
∏
β 6=α
λβ
n∏
β=1
λβ
= (
∏
β 6=α
λα)e
−u˙−Au+g
≥
(η
2
)n−1
(C2 −M
∑
log |z − aj |+ k
′(t0))
−n+1e−u˙−Au+g.
Hence, by (42),
|∇u|2 ≤
(3C0 − u)
4
C20
(
2
η
)n−1
(C2 −M
∑
log |z − aj |+ k
′(t0))
neu˙+Au−g
≤ C2
(3C0 − u)
4
C20
eu˙+Au−g(1 + C2 −M
∑
log |z − aj |)
n(1 + k′(t0))
n
≤ C3
(3C0 − u)
4
C20
eu˙+Au−g(1 + k′(t0))
n
∏
|z − aj|
−M/2,
where C3 > 0 depends only on n,Ω, T, C0, a1, ..., al, N1, ..., Nl, K, ǫ.
Then, by (36) and Lemma 3.7, we have,
(43) |∇u|2 ≤ C4
(3C0 + C(t0)− u0)
4
C20
(1 + k′(t0))
n
∏
|z − aj |
−3M/2,
where C(t0) is defined as in Lemma 3.7 and C4 > 0 depends only on C3,M, a1, ..., al.
Note that u0 ≥
∑
Nj log |z − aj | − C0. Then
(44) |∇u|2 ≤ C5(1 + k
′(t0))
n
∏
|z − aj |
−2M ,
where C5 > 0 depends only on n,Ω, T, C0, a1, ..., al, N1, ..., Nl, K, ǫ.
By (38) and (44), we have,
(45)
eB1−2
(t0 − ǫ)n+1
= eB1−2−k(t0) ≤ ψ0(z0, t0) ≤ C5(k
′(t0)+1)
n = C5
(
t0 + n + 1− ǫ
t0 − ǫ
)n
.
Hence, t0 ≥ t1 > ǫ, where t1 depends only on n,Ω, T, C0, a1, ..., al, N1, ..., Nl, K, ǫ. We
have, by (44),
(46) ψ(z0, t0) ≤ B˜,
where B˜ > B1 + 1 > 0 depends only on n,Ω, T, C0, a1, ..., al, N1, ..., Nl, K, ǫ.
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Note that B˜ is independent of T ′. Then,
sup
Ω¯×[ǫ,T )
ψ ≤ B˜.
In particular, there exists B > 0 depending only on n,Ω, T, C0, a1, ..., al, N1, ..., Nl,
K, ǫ such that
sup
K×(2ǫ,T )
|∇u| ≤ B.

5.2. Higher order estimates.
Lemma 5.4. For any T > ǫ > 0, there exists B > 0 depending only on n,Ω, T, C0, a1, ..., al,
N1, ..., Nl, ǫ such that
sup
∂Ω×(ǫ,T )
|D2u| ≤ B.
Proof. By Lemma 4.1 and Lemma 5.3, we can estimate u˙ and ∇u near ∂Ω × (ǫ, T ).
Then the proof of this lemma is the same as the case u0 ∈ L
∞(Ω) (see [Do15]). 
Using the 2-order estimates on ∂Ω × (0, ǫ), we will estimate ∆u on K × (2ǫ, T ), for
any K ⋐ Ω¯ \ {a1, ..., al}.
Lemma 5.5. For any T > 2ǫ > 0 and K ⋐ Ω¯ \ {a1, ..., al}, there exists B > 0
depending only on n,Ω, T, C0, a1, ..., al, N1, ..., Nl, K, ǫ such that
sup
K×(2ǫ,T )
∆u ≤ B.
Proof. By Lemma 3.7 and Lemma 5.4, there exist B1, B2 > 0 depending only on
n,Ω, T, C0, a1, ..., al, N1, ..., Nl, ǫ such that
(47) sup
Ω×(ǫ,T )
(−u+ uǫ + |z|
2) ≤ B1,
(48) B1 + sup
∂Ω×(ǫ,T )
(t log∆u− u+ uǫ + |z|
2) ≤ B2.
where uǫ = u(., ǫ).
We consider the function φ ∈ C∞(Ω¯× [ǫ, T )) defined by
φ = t log∆u− u+ uǫ − B3(t− ǫ) + |z|
2,
where B3 = C0(A+ T + 1) + log(n!) + n+ 1.
We will show that
(49) sup
Ω¯×(ǫ,T )
φ ≤ B2.
Indeed, if there exists (z0, t0) ∈ Ω¯× [ǫ, T ) satisfying
φ(z0, t0) > B2,
then z0 ∈ Ω, t0 > ǫ. Without loss of generality, we can assume that
φ(z0, t0) = sup
Ω¯×(ǫ,t0)
φ.
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Denote by L the operator
L(ψ) = ψ˙ −
∑
uαβ¯ψαβ¯ , ∀ψ ∈ C
∞(Ω¯× [ǫ, T )),
where (uαβ¯) is the transpose of inverse matrix of Hessian matrix (uαβ¯).
We have
L(φ)|(z0,t0) ≥ 0.
We compute
L(φ) = t
∆u˙
∆u
+ log∆u− u˙− B3 − t
∑
uαβ¯(log∆u)αβ¯ +
∑
uαβ¯(uαβ¯ − (uǫ)αβ¯)−
∑
uαα¯
≤ t
∆u˙
∆u
+ log∆u− u˙−B3 − t
∑
uαβ¯(log∆u)αβ¯ + n−
∑
uαα¯.
Applying Theorem 2.9, we have
L(φ) ≤ t
∆u˙
∆u
+ log∆u− u˙−B3 − t
∆ log det(uαβ¯)
∆u
+ n−
∑
uαα¯
= t
∆(u˙− log det(uαβ¯))
∆u
+ log∆u− u˙−B3 + n−
∑
uαα¯
= t
−A∆u +∆g
∆u
+ log∆u− u˙− B3 + n−
∑
uαα¯
≤ t
∆g
∆u
+ log∆u− u˙−B3 + n−
∑
uαα¯.
Applying Theorem 2.7, we have
log∆u ≤ logn + log det(uαβ¯) + (n− 1) log(
∑
uαα¯).
Then
L(φ) ≤ t
∆g
∆u
+ logn + log det(uαβ¯) + (n− 1) log(
∑
uαα¯)− u˙− B3 + n−
∑
uαα¯
≤ t
∆g
∆u
+ logn−B3 + n+ Au− g + (n− 1) log(
∑
uαα¯)−
∑
uαα¯
≤ t
∆g
∆u
+ logn−B3 + n+ (A + 1)C0 + log((n− 1)!)
= t
∆g
∆u
+ log(n!)− B3 + n+ (A+ 1)C0,
where third inequality holds due to the conditions (32), (33) and the inequalities
(n− 1) log x− x ≤ (n− 1) log(n− 1)− (n− 1), ∀x > 0,
and
(n− 1)n−1
(n− 1)!
≤ exp (n− 1) .
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Hence
L(φ)|(z0,t0) ≤ C0T + log(n!)−B3 + n+ (A + 1)C0 < 0.
We have a contradiction. Thus
sup
Ω¯×(ǫ,T )
φ ≤ B2.
In particular, there exists B > 0 depending only on n,Ω, T, C0, a1, ..., al, N1, ..., Nl, K, ǫ
such that
sup
K×(2ǫ,T )
∆u ≤ B.

6. Proof of Theorem 1.4
6.1. Smoothness. As in the proof of Proposition 3.2, we can construct a sequence of
functions um ∈ C
∞(Ω¯× [0, T )) satisfying
(50)


um(., t) ∈ SPSH(Ω),
u˙m = log det(um)αβ¯ −Aum + f(z, t) on Ω× (0, T ),
um = ϕm ⇒ ϕ on ∂Ω× [0, T ),
um = ϕ on ∂Ω× (ǫm, T ),
um = u0,m ց u0 on Ω¯× {0},
u = lim
m→∞
um.
where ǫm ց 0.
Applying Theorem 5.1, we obtain, for any K ⋐ Ω¯ \ {a1, ..., al} and 0 < ǫ < T ,
‖um‖C2(K×[ǫ,T )) ≤ CK,ǫ,
where CK,ǫ depends only on n,Ω, T, C0, N1, ..., Nl, a1, ..., al, ǫ, K.
It follows from C2,α-estimates (see, for example, [Do15]) that
‖um‖C2,γ(K×[ǫ,T )) ≤ CK,ǫ,γ,
where γ and CK,ǫ,γ depend only on n,Ω, T, C0, N1, ..., Nl, a1, ..., al, ǫ, K.
By Ascoli theorem, we obtain
(51) um
C2,γ/2(K×[ǫ,T ′])
−→ u, as m→∞,
where ǫ < T ′ < T .
Then u ∈ C2,γ/2(K×[ǫ, T ′]). Applying regularity theorem (see, for example, [Do15]),
we have u ∈ C∞(K × (ǫ, T ′)). Hence, u ∈ C∞(K × (0, T )).
Fix 0 < r < min
j 6=k
|aj−ak|. We need to show that u ∈ C
∞(Br(aj)×(ǫA(Nj), T )) when
T > ǫA(Nj).
Fix ǫ > 0. If A = 0, we have, for t = ǫ0(Nj) + 2ǫ =
Nj
2n
+ ǫ,
(ddcum)
n = eu˙m(z,ǫ0(Nj)+2ǫ)−f(z,ǫ0(Nj)+2ǫ)dV = dµ.
Applying Lemma 4.1 and Proposition 3.10, we have, for m≫ 1,
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exp (u˙m(z, ǫ0(Nj) + 2ǫ)− f(z, ǫ0(Nj) + 2ǫ)) ≤ C1 exp
(
um(z,ǫ0+2ǫ)−um(z,ǫ)
ǫ0(Nj)+ǫ
)
≤ C2 exp
(
− um(z,ǫ)
ǫ0(Nj)+ǫ
)
≤ C3 exp
(
− um(z,0)
ǫ0(Nj)+ǫ
)
≤ C3 exp
(
− u0(z)
ǫ0(Nj)+ǫ
)
= C3 exp
(
− 2nu0(z)
Nj+2nǫ
)
where C1, C2, C3 > 0 depend only on Ω, ǫ, T, f, ϕ.
Then, we have, for K ⋐ Br(aj),
µ(K) ≤ C3
∫
K
exp
(
− 2nu0(z)
Nj+2nǫ
)
dV
≤ C4
∫
K
exp
(
−
2nNj log |z−aj |
Nj+2nǫ
)
dV
= C4
∫
K
|z − aj|
−
2nNj
Nj+2nǫdV
≤ C5(
∫
K
|z − aj|
−
2nNj
Nj+nǫdV )
Nj+nǫ
Nj+2nǫ (
∫
K
dV )
nǫ
Nj+2nǫ
≤ C6(
∫
K
dV )
nǫ
Nj+2nǫ
≤ C7(Cap(K))
2.
where C4, C5, C6, C7 > 0 are independent of m. The last inequality holds due to [AT84]
and [Zer01].
Applying Kolodziej theorem (Theorem B [Kol98]), we have
‖um(., ǫA(Nj) + 2ǫ)‖L∞(Br(aj)) ≤ C8,
where C8 is independent of m. Then ‖u(., ǫA(Nj) + 2ǫ)‖L∞(Br(aj)) ≤ C8. Applying the
case ”u0 ∈ L
∞(Ω)” (see [Do15]) , we have u ∈ C∞(Br(aj)× (ǫA(Nj) + 2ǫ, T )).
Let ǫ→ 0. We have u ∈ C∞(Br(aj)× (ǫA(Nj), T )).
If A > 0, by the same arguments, we also obtain u ∈ C∞(Br(aj)× (ǫA(Nj), T )).
Thus u ∈ C∞(Q).
By (51), for any (z, t) ∈ Ω¯ \ {a1, ..., al} × (0, T ),
(52) u˙ = log det(uαβ¯)−Au+ f(z, t).
Taking the limits, we obtain (52) on Q.
6.2. Singularity. Let j ∈ {1, ..., l}. By Proposition 3.10, we have u(aj , t) = −∞ for
any t ∈ [0, ǫA(nj)).
We need to show that if nj = Nj then νu(.,t)(aj) = k(Nj, t).
By the proof of Proposition 3.10, we have, for any t ∈ [0, ǫA(Nj)),
(53) νu(.,t)(aj) ≥ k(Nj , t),
Then, it remains to show that
(54) νu(.,t)(aj) ≤ k(Nj , t),
for any t ∈ [0, ǫA(Nj)).
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If there exist t0 ∈ (0, ǫA(Nj)) and ǫ > 0 such that
νu(.,t0)(aj) ≥ k(Nj , t0) + ǫ
then, by Proposition 3.10, there exists t1 > ǫA(Nj) such that
νu(.,t1)(aj) > 0.
This contradicts the smoothness of u on Q. Then we obtain (54).
Combining (53) and (54), we obtain
νu(.,t)(aj) = k(Nj , t).
6.3. Continuity at zero.
a) Convergence in L1.
Applying Lemma 3.7, we have
(55) lim inf
t→0
u(z, t) ≥ u0(z),
for any z ∈ Ω¯.
Note that u is the limit of a decreasing sequence of smooth functions, then u ∈
USC(Ω¯× [0, T )). We have
(56) lim sup
t→0
u(z, t) ≤ u0(z),
for any z ∈ Ω¯.
Combining (55) and (56), we obtain
lim
t→0
u(z, t) = u0(z).
Hence, by the dominated convergence theorem, u(., t)→ u0 in L
1, as t→ 0.
b) Convergence in capacity
Let ǫ > 0 and Ω˜ be a neighbouhood of Ω¯. We need to show that there exists an open
set Uǫ such that
CapΩ˜(Ω¯ \ Uǫ) ≤ ǫ
and
u(., tkm)⇒ u0 on Uǫ ∩ Ω¯.
Indeed, by quasicontinuity of plurisubharmonic function, there exists Kǫ ⋐ Ω such that
CapΩ˜(Ω¯ \ Int(Kǫ)) ≤ ǫ
and u0 is continuous on Kǫ.
By Lemma 3.7 and Dini theorem, for any tk ց 0, there exists a subsequence tkm ց 0
such that
u(., tkm)⇒ u0 on Kǫ, as m→∞.
Then
u(., t)⇒ u0 on Kǫ, as t→ 0.
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